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Abstract: The aim of the present paper is to deal with introducing a new family
of Changhee polynomials which is called degenerate ¢-Changhee polynomials with
weight a by using p-adic g-integral on Z,. From this definition, we obtain some new
summation formulae and properties. We also introduce the degenerate ¢-Changhee
polynomials of higher-order with weight o and obtain some new interesting results.
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1. Introduction
Let p be a fixed odd prime number. Throughout this paper, Z,, Q, and C,
will denote the ring of p-adic integers, the filed of p-adic rational numbers and the

completion of an algebraic closure of Q,. The p-adic norm | . |, is normalized by

| p |p,= %. For ¢,z € C, with | ¢ — 1 |,< pfp%l. We define the g-analogue of a

number z to be [z], = 11%‘1;. Note that lim, ,;[z], = z. Let C(Z,) be the space of

continuous function on Z,. For f € C(Z,), Kim introduced the fermionic p-adic
g-integral I_,(f) on Z, (see [11, 12, 13])

L) = | f@deye) = fim oo > Fa)—a (see 8. 19). (L)
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From (1.1), we note that

[ f@y(o) = Jim e S @) -0y
1 d—1 pV-1
= i, e, O 3 Sl dn) (0

where d € N with d = 1(mod2).
The g-Euler polynomials E,, ,(z) are defined by the fermionic p-adic ¢g-integral
on Z, as follows (see [5, 12, 13])

T - tn
/ elotvlaty | = Z E"’q(x)ﬁ' (1.2)
n=0 ’

P

At the point x =0, E, , = E,,4(0) are called the ¢g-Euler numbers.
From (1.2), we have

[ e+ iy = Buglo). (> 0), (1.3)

Carlitz’s type ¢g-Changhee polynomials are defined by the generating function as
follows (see [4])

€T G tn
[ 0 edy(9) = 3 Chgfa) (1.4
P n=0 ’

Letting © = 0, Ch,, = Ch,,4(0), (n > 0) are called the ¢-Changhee numbers. From
(1.3) and (1.4), we have

> Chugla)y =3 [ o+ lidia(v) gy Qo1+ )"
n=0 C k=0"7p '

zf:/ m+ykd,u ZSlnk:—
k=0

(Z Eey(2)S1(n k)) f:, (1.5)

n=0
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Thus, we have
ZE,“, )S1(n, k). (1.6)

In [31], Ryoo introduced the ¢-Euler polynomials with weight a which can be
represented by the p-adic ¢g-integral on Z, as follows:

oo tn
S B = [ e du, (), (1.7)
— n! Z,

It is clear that, we have
n,q q n,q
0

The degenerate g-Euler polynomials are defined by means of the following gener-
ating function (see [5])

o0

o [I+y]qa
E\)\(0)— = /Z (L+ M) duy(y). (1.9)

n=0

When z =0, ET(L q) y = Effq) ,(0) are called the degenerate g-Euler numbers.
The modified degenerate ¢ Changhee polynomials are defined by means of the

following generating function (see [6])

[e+ulg > "
/Zpuwog(m)) ) = 3 Oy (1.10)

In the case x = 0, Chy4x = Chyg2(0) are called the modified degenerate ¢
Changhee numbers.
For j > 0, the Stirling numbers of the first kind are defined by

251 7,DE, (see [1-10)), (1.11)

where (§)p =1, and (§); =& —1)--- (£ —j+1),(j > 1). From (1.11), it is easy
to see that

(log (14 2)) ZSI (j,7)=, (r>0), (see [11-20]). (1.12)
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For j > 0, the Stirling numbers of the second kind are defined by

ZSQ 7, 0)(€)y, (see [21-31]). (1.13)

From (1.13), we see that
1
(e* — 1) ZSQ (j,r f. (1.14)

In this paper, we define degenerate ¢g-Changhee polynomials with weight «
and investigate some interesting identities of these polynomials. Also, we define
higher-order degenerate ¢-Changhee polynomials with weight a and investigate
some interesting identities of these polynomials.

2. The degenerate ¢-Changhee polynomials with weight «

In this section, we introduce degenerate g-Changhee polynomials with weight
a which are derived from the fermionic p-adic integral on Z, and investigate some
properties of these polynomials.

We start with the following definition as.

For \,t,q € C, with | At |< pfp%l and | 1 —q [,< pfp%l. Now, we define
degenerate g-Changhee polynomials Ch,, ;.01 (7) are given by

/(1+A1og(1+t>)”” Z(Jhnm " oaso0. @

When z = 0, Chy, ga.x = Chy g0.1(0) are called the degenerate g-Changhee numbers
with weight a.

Note that
‘ vl =, tm
fimg | (1 Mog(140)) 5 dpyy) = Z limy Chi, o (%) —
X « S tn
= /Z p(1 + ) e dp (y) = Z%Chn,q;a(m)a, (2.2)

are called the ¢-Changhee numbers.
Theorem 2.1. Let z,y € C and n > 0. Then

[J,’-‘ry]qa )
nqa)\ ZSI n .7 / < ;\ )j'dﬂ—q(y>/\]
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=3~ [ o+ )y dialo) (2.3

where ([z + y]q“)]p\ = [z+Ylgo [z +ylge = N[z +y]ge —2X0) - ([ +Ylge = (G =DA).
Proof. Using (2.1), we see that

" x+y]

ZC’hnqu —':/Z(l—l—)\log(let)) dp—q(y)

P

-/ i (75 ) wtontt +
Sy RCTTISHY X Tt

m=j

- (Z/Z [z 4 Y] go ]/\d,u (Y )) r (2.4)

Comparing the coefficients of on both sides of (2.1) and (2.4), we obtain the result
(2.3).

Here, we consider degenerate g-Euler polynomials with weight o which are
defined by

© tm z+y]q
> Bngonla) = [ (142075 duy(0) (25)
n=0 ’ P

Theorem 2.2. Let x,y € C andn > 0. Then
Engon(z ZCth )Sa(n, m). (2.6)

Proof. Replacing t by ¢/ — 1 in (2.1), we have

3 O = [ 0039

n
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On the other hand,

ZChm,q;a,)\< e — 1 ZChmqa)\ ZSQ n, TTL t
m=0

n

n

Z <Z Chim.gax(x)S2(n, m)) % (2.8)

n=0 \m=0

In view of (2.7) and (2.8), we get (2.6).
Theorem 2.3. Let z,y € C and n > 0. Then

nqa)\ Zqua)\ Slnm> (29)

Proof. By replacing t by log(1 + z) in (2.5), we get

ZEm al log(l + )™

m)!

[r+y

/ (14 Mog(1 + ) 3

P

ZChnW (2.10)

On the other hand,

Zqua)\ wzzqua)\ Zslnm)g
m=0 : m=0 n=m

tn
_ Z (Z B gan()Si(n m)> — (2.11)
By (2.10) and (2.11), we get the result.
Theorem 2.4. Let z,y € C and n > 0. Then

n

Chingan(@) =D $105, )81 (n, B (x). (2.12)

j=0 1=0
Proof. From (2.1), we note that

tn [x+y]q
Zcmm = [ a1+ 0) F duy )
: Z

P
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:/Z e[ac+y]q log(1+Alog(1+2)) d,u ( )
:/ Z( [+ ylga N 7181 (4, 1) Sy (n l)) d q(y)i—n,
Zp p=0 \j=0 1=0 '

n

= ( > Si(3. ) Si(n, z)Elﬁ)(x)) % (2.13)

j=0 1=0
Thus, by (2.13), we obtain the result.
Theorem 2.5. Let z,y € C and n > 0. Then

Chn.gan(z ZZCth )Syx(k,m)Sy (n, k). (2.14)
k=0 m=0
Proof. Replacing ¢ by (14 Alog(1+¢))> — 1 in (2.2), we observe that

[1+y]qa

/ (1+ Mog(1+ 1))

P

chmw [(1—|—>\log( 1+1)> — 1™

OO k
Z mqoz)\ ZSQ)\ log(lk—i_t))

m=0

k
Zc*hwM )Sa.a(k, m ZSI n, k

0 m=0 =

I
wMg

n

o) k
tn
=y > " Chingian ()2, (k, m) S (n, k:)) — (2.15)
n=0 k=0 m=0 ’

In view of (2.1) and (2.15), we complete the proof.
Theorem 2.6. Forn >0, d € N with d = 1(mod 2) we have

NG ZZSM m, k) ZSl(k, DAT'ES (x). (2.16)

m=0 k=0
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Proof. From (2.1), we see that

> n etulge
> Chugor(o)y = [ (14 Mog(1 +) 3 dy(y
n=0 ) Z

P

[1+y]q

:/ (1 + Mog(1+ )% +1-1) 3% dyuy(y). (2.17)

Now, we have

0 slz+y]
[z+y]q a2 1 bl
((1+Alog(1+t))x +1-1) = ( 2 )((1+Alog(1+t))i_1)’f
k=0

:i<[£ )ZSHmk; (log(1+1t))™

From (2.17), we get

ZChnW / (ZZSQA m, k) ZSl(k,l))\_l[x+y]f1a> ;—n!d,u_q(y)

Pn m=0 k=0

Z (ZZS”‘ m, k) 251 (k, DA / [x—i—y]iladu_q(y)) i—n' (2.18)

m=0 k=0
Thus, by (2.18), we complete the proof.

Theorem 2.7. Let z,y € C and n > 0. Then

Chon o\ () = Y% (”) N (@] g ) mr g™ S (k, 1) S1 (G, k) S5 (n, m) B,

(2.19)
Proof. From (2.1), we have
> tn [:c+y]
ZC’hmq;a,,\(a:)m = / (14 Alog(1+1t)) > du—_q(y). (2.20)
z

n=0 ) P
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By using the result (see [1]), we have
1— gt 1 —gr | ¢zl —q%y)
1—q¢¢  1—g¢~ 1—q~
= [2]ge + ¢ [y]ge- (2.21)

[T+ ylge =

Now (2.20), we see that

[e] g +a° [Wlga

/Z (1+ Mog(1+ 1) T dpu_,(y)

/ (14 Mog(1+ )% (1 + Mog(1 + 1))

:/Zp (i([; >)\J log(1 + )

J=0

y (i g™ [yloa (log(1 + Mog(1 + 1)) )
t"
nl

AT

L (Efrn)?)
<Z< S N 81, 1)S5 k)) Zﬁ)
- 5 ( "fii(’?)xf—qu]qa>m,Aqa“[y]zasl<k,z)&(j,k)sl(n,m) -al0) o

(2.22)
By comparing the coefficients of ¢, we get (2.19).

Theorem 2.8. Forn >0, d € N with d = 1(mod 2), we have

k
g (TTaN \nk
> (=0)*Si(k, §)S1(n, k)[dlj ES%) (T) A"k

~9 k=0 j=0

Chn,q;ayk( )

(2.23)
Proof. Now, we observe that

= tr r+vlge
> Chgaa(a)y = [ (14 Alog(1 1) dpy (v
n=0 ’ Z

P
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1 S 0+ Ao+ )2 g
= lim + Alog(l+¢ —q
N—oo [pN]_q =0
pN—1
— Jim s Z (14 Aog(1+1)) 3" (g
= lim ——— _
N—)oo [dp s
N—1
1 b [e+atdy]ga
= lim —— (1 —i-)\lOg(l—i-t))i( g)+
N—oo [d]_¢[pN]_ g ;
d—1 prl z+a
1 1 [dlga 252 +v] da
= lim (14 Mog(141)—  »  (—¢)*™%
[d]— =g Voo [PN]-ge yz;
1 d—1 1 prl oo n k ) r4a j i
= 1 Si(k,§)S1(n, k dia{ ] Ank atdy
[, azoNE’n” P 2 nZ::O (I;); 1(k; 5)S1(n, k)ldlge | — » (=)

n=0 \a=0 k=0 j=0
(2.24)
Therefore, by (2.24), we obtain the result.
Theorem 2.9. Let z,y € C and n > 0. Then
Clhingian(® + 1) + Chygan(®) = [2lge Y ([€]ge)ma AT S1(n, m). (2.25)
m=0
Proof. From (1.1), we have
fl@+Ddp—g(x) + | fl@)dp—q(z) = [2],f(0). (2.26)
Zp Zp
Therefore by (2.1) and (2.26), we have
[z+1+ylga z+y]q
0 [ (@ ALog(1+ )T )+ [ (1 Aog(140) 3 duy (o)
Zp Zyp

[z] o

— [2] 40 (1 + Aog(1+1)) . (2.27)
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By (2.1) and (2.27), we get

(e e} tn
> (Chngar(®+1) + Chagan(@)) —

=0

3

(17X (log(1 + )"
T]ga ) m A A" i Sl(n,m);—T:
— 2 ) (Z([x]qa)m,mmsl(n,m)) g (2.98)

n=0 \m=0

Comparing the coefficients of ¢ on both sides, we get (2.25).

For r € N, we define the higher-order degenerate ¢-Changhee polynomials of the
second kind with weight o which are given multivariate fermionic p-adic integral
on Z, as follows:

[z+z1++zr]ga
[ | e Mogu 4 )T ) diy(a2)
Zp Zyp

= ZOhnqu ( > 0). (2.29)

When z = 0, C’h(r)qa 5 = C’hn 2an(0) are called the higher-order degenerate ¢-
Changhee numbers of the second kind with weight a.

Theorem 2.10. For z,y € C, n > 0 and r € N, we have

ChnTZ,aA (z) = Z 251("“ k)St(n,m)A"" mE]grga

m=0 k=0

Proof. From (2.29), we note that

o ., tn
D O (@) =
n=0

[z+z1+-tar]ja

/Z / (L4 Alogy(1+6) " dpu_glar) -+~ dp_q ()
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Z_ /- /([ e ) o1+ D)) o))

m=0

= Z/Z .. /Z ([Il + -4z + x]qa))\,mdﬂ_q(lj) ce dﬂ—q(xr)%(log(l + t)))m

= (Z/Z /Z ([5’31+"-+ffr+$]qa)A,mdﬂ—q(£B1)-'-du_q(:vr)Sl(n,m)) ﬁ

n!
n= m=

/

0
oo t’n
/ Z_ T+ -+ T+ Tge ) am Z Si(n,m)dp_q(z1) -+ dp— q(xr)m

tTL
= (Z Z r1+ -+ + ]’;a)\n_msl (n, m)) dp—q(1) - - dp—g(2r) —
an 0 \m=0 k=0 n
n—m tn
- Z (ZZ& m, k)Sy (n, m)\ Ekq)a> =t (2.30)
n=0 \m=0 k=0

Therefore, by (2.30), we obtain the result.
Theorem 2.11. Let x,y € C andn > 0. Then

ZChmA )Saa(n,m).

Proof. By changing ¢t by e’ — 1 in (2.29), we have

[atoy - Farlge
/ . / (1+ At) A dpt—q(1) -+ dp_g(,)
Z, Zp

Z nw—. (2.31)

On the other hand, we have
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o0 n . tn
- Z (Z Chin?q;a’/\(a:)ng\(n,m)) E (2.32)
n=0 \m=0

Therefore, by (2.31) and (2.32), we get the result.

3. Conclusion

In this article, we defined degenerate ¢-Changhee polynomials and numbers with
weight o which were actually called the degenerate g-Changhee polynomials and
numbers introduced by Kim el al. [14]. We derived their explicit expressions and
some identities involving them. Further, we introduced the higher-order degenerate
g¢-Changhee polynomials and numbers and deduced their explicit expressions and
some identities related to them.
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